We show that the tensor product A ⊗ B over C of two C * -algebras satisfying the NCDL conditions has again the same property. We use this result to describe the C * -algebra of the Heisenberg motion groups Gn = T n ⋉ Hn as algebra of operator fields defined over the spectrum of Gn.
Denote by F : A → l ∞ ( A) the Fourier transform of A i.e. for a ∈ A let F (a)(γ) =â(γ) := π γ (a) ∈ B(H i ), γ ∈ Γ i , i = 0, · · · , d.
We say that F (A) is continuous of step ≤ d F (A) |Γi is contained in CB(Â, H i ) for every i. ) B(H ℓ ) = 0. Remark 1.6. Let us mention that any N CDL − C * -algebra A is determined up to an isomorphism by its spectrum A and the family σ γ (γ any properly converging sequence inÂ) of norm controls (see [2] and [11] ). Therefore in order to determine the structure of a given N CDL − C * -algebra and to understand its Fourier transform, it is essential to have a precise description of its spectrum and of its norm control of dual limits. Let A be a separable C * -algebra and let γ = (γ k ) k ∈ N be a properly converging sequence of irreducible unitary representations of A. Let L be the set of limits inÂ of the sequence γ. By definition of the topology ofÂ, (see [3] ), there exists for every σ ∈ L and every element ξ σ in the Hilbert space H σ of σ a sequence (ξ k ∈ H γ k ) k , such that the sequence of coefficients c In this paper these sequences (ξ k ) k are explicitly determined for generic sequences γ k ⊂Ĝ 1 and it is shown how to construct the control from these data (see the proof of theorem 4.5).
2 Tensor Products of C * -algebras and NCDL C * -algebras.
Tensor products
(see [1] for details) If A and B are C * -algebras, we can form their algebraic tensor product A ⊗ B over C. The vector space A ⊗ B has a natural structure as a * -algebra with multiplication (a 1 ⊗ b 1 )(a 2 ⊗ b 2 ) = a 1 a 2 ⊗ b 1 b 2 and involution (a⊗ b) * = a * ⊗ b * . If γ is a C * -norm on A⊗ B, we will write A⊗ γ B for the completion. If π A and π B are representations of A and B on Hilbert spaces H 1 and H 2 respectively, we can form the representation π = π A ⊗ π B of A⊗B on H 1 ⊗H 2 by π(a⊗b) = π A (a)⊗π B (b). For any π A and π B we have (π A ⊗π B )(
is finite and hence a C * -norm called the minimal C * -norm. The completion of A ⊗ B with respect to this norm is written A ⊗ min B and called the minimal or spatial tensor product of A and B. For any representation π of A ⊗ B we have π(
is finite and hence a C * -norm called the maximal C * -norm. The completion is denoted A ⊗ max B, and called the maximal tensor product of A and B. Let A a C * -algebra, A is called nuclear if for every C * -algebra B, there is a unique C * -norm on A ⊗ B, i.e A ⊗ min B = A ⊗ max B. We write for this nuclear C * -algebra A and any other C * -algebra B C = A⊗B for the C * -algebra A ⊗ max B = A ⊗ min B. Every type I C * -algebra is nuclear. 
given by Π(ρ, σ) = ρ ⊗ σ. This is a continuous map relative to the natural topologies and drops to a well-defined map, also denoted Π, from P rim(A)×P rim(B) to P rim(A⊗B); this Π is injective, continuous (it preserves containment in the appropriate sense), and its range is dense in P rim(A⊗B) since the intersection of the kernels of the representations {ρ ⊗ σ : ρ ∈ A, σ ∈ B} is 0. Proof. Let A, B be two NCDL-C * -algebras. Since both algebras are by definition liminary, they are both of type I. Furthermore C is separable, since so are A and B. By theorem 2.2 we have that C ≃ A× B and so C is liminary too. We can write the spectrum of C in the following way. There are increasing finite families S Then the spectrum of C is the disjoint union of the subsets
and each subset Γ C i,j is locally compact with a Hausdorff topology. Let for k ∈ {0, · · · , n + m}
is closed in C. For every 0 ≤ k ≤ n + m we choose a total order on the family
and we say that Γ
This gives us a total order on the family of sets {Γ
and the subsets
are closed in C for any pair (i, j). It is easy to see that C has all the required properties to be NCDL. Indeed for c ∈ C it is immediately seen that the operator fields c defined on C by c(ρ ⊗ σ) = ρ ⊗ σ(c), ρ ∈ A, σ ∈ B operate on the Hilbert-spaces H i ⊗ H j and it is continuous on the different subsets Γ C i,j and tends to 0 at infinity, since this is true for elementary tensors a ⊗ b. Hence the Fourier transform of A ⊗ B is continuous of some finite step and so Theorem 1.5 tells us that C has the NCDL property. Let us see how to build the norm control of dual limits for C = A⊗B.
,j which admits its limits in T C i+j−2 , then for a properly convergent subsequence we have γ
Since A and B are nuclear, we have that
.
be the sequence of uniformly bounded linear mappings that comes from the NCDL property for A (resp. for B). Define then for all k ∈ N:
on elementary tensors. This definition can be extended in a unique way to a bounded selfadjoint linear mapping
Then we see that for all finite sums c = l a l ⊗ b l ∈ C:
for some constants β γ A > 0 and β γ B > 0.
Hence
then for a properly convergent subsequence we have γ
, be the sequence of uniformly bounded linear mappings that comes from the NCDL property for A. Define then for all k ∈ N:
Then we see again for all finite sums c = l a l ⊗ b l ∈ C that:
Example 2.4. [The C * -algebra of a direct product of a locally compact group second countable and a locally compact abelian second countable group] Let G a second countable locally compact group and A a locally compact second countable abelian group. LetG := G × A be the direct product of G and A. Then
For F ∈ C c (G) we define the application
Then F A is a continuous mapping which extends for all b ∈ C * (G) into a continuous mapping
If now C * (G) is NCDL, we can write the spectrum of C * (G) the following way: There is an increasing finite family S 0 ⊂ S 1 ⊂ · · · ⊂ S d = G of closed subsets of the spectrum G of G such that for all i = 1, · · · , d, the subset Γ 0 = S 0 and Γ i := S i \S i−1 , i = 1, · · · , d, are separated for their relative topology. Then the spectrum ofG is the disjoint union of the subsetsS j := S j × A, j = 0, · · · , d and for all j = 1, · · · , d, the subset Γ j :=S j \S j−1 has Hausdorff relative topology. It is easy to see that C * (G) has all the required properties to be NCDL. Indeed for F ∈ C c (G) it is immediate to see that the operator fields F defined on G by
are continuous on the different subsetsΓ j and they go to 0 at infinity.
3 The C * -algebra of the Heisenberg motion groups G n .
The structure of the group C * -algebra C * (G) realized as algebra of operator fields defined over the spectrum G of G is already known for certain classes of Lie groups, such as the Heidelberg and the thread-like Lie groups (see [13] ) and the ax + b-like groups (see [9] ). Furthermore, the C * -algebras of the 5-dimensional nilpotent Lie groups have been determined in [11] , while those of all 6-dimensional nilpotent Lie groups have been characterized in [15] and the C * -algebras of the two-step nilpotent Lie groups have been determined in [14] . Furthermore it follows from general principles that the C * -algebra of any connected nilpotent Lie group has the NCDL-property (see [2] ). The description of the C * -algebra of the motion group SO(n) ⋉ R n has been done in [10] .
The Heisenberg motion groups G n .
We denote by diag(γ 1 , · · · , γ n ) a diagonal matrix in Mat(n, C) with numbers γ 1 , · · · , γ n . Let H n = C n × R denote the (2n + 1)-dimensional Heisenberg group, with group law
where Im(z) is the imaginary part of z in C n and z · z
The group T n acts naturally on H n by automorphisms as follows
where e iθ = (e iθ1 , · · · , e iθn ) ∈ T n . Let G n be the semi-direct product T n ⋉ H n , equipped with the following group law:
For z ∈ C n , we introduce the R-linear form z * on C n defined by
and we identify the algebraic dual of the Lie algebra t n of T n ⊂ U (n) with iR n via the scalar product
We have a map
It follows easily from the group law in G n that the coadjoint representation Ad * of G n is given by
for all (U, u, x) ∈ g n . Therefore the coadjoint orbit of G n through (U, u, x) is given by
Let also
Then T n r is a closed connected subgroup T n isomorphic to T n−|Ir | .
Furthermore, the subgroup T n r is the stabilizer group of the linear functional ℓ r = (ir 1 , · · · , ir n ) ∈ t * n and Z n r describes the spectrum of the group T n r . It follows that the space g ‡ n /G n of admissible coadjoint orbits of G n is the union of the set Γ 2 of all orbits
(this corrects a mistake in [8] ,) and of the set Γ 0 of all the one point orbits
In the case of Γ 1 , we parametrize its orbits by
We can thus write the space g ‡ n /G n of admissible coadjoint orbits of G n as the disjoint union
The topology of the spaceĜ 1 has been determined in [5] and of the spaceĜ n in [8] (at least partially). We have the following description of the topology of g ‡ n /G n . Theorem 3.2.
Proof.
We have |α k |x k j −→ r j for all j ∈ I r and |α k |x
2 for all j ∈ I r and (α k λ k j ) k tends to zero for all j / ∈ I r . We also have α k (λ
Conversely, let us assume that (α k ) k converges to zero, for all j ∈ I r , (α k λ k j ) k converges to . We see that for all j ∈ I r α k e iθ k j x j −→ r j . For all j / ∈ I r we have assumed that the sequence (α k λ k j ) j converges to zero and α k (λ [4] or Theorem 6 in [8] .
The orbits
As a consequence we obtain (see [4] , [10] and [8] ) Theorem 3.3. The unitary dual G n is homeomorphic to the space of admissible coadjoint orbits g ‡ n /G n .
The Fourier Transform.
According to Theorem 3.3 the spectrumĜ n is determined by the space of admissible coadjoint orbits. Hence we have irreducible representations of the form π λ,α , (α ∈ R * , λ ∈ Z n ), π λ,r , (r ∈ R >0 , λ ∈ Z n r ) and characters χ λ , λ ∈ Z n .
The generic representations π λ,α
They are extensions of the infinite dimensional irreducible representations π α , α ∈ R * , to G n . The irreducible representation π α of H n acting on the space F α (n) for α > 0 is given by Folland in [7] . Let for u, v ∈ C
For α > 0, the Hilbert space of π α is the space
by, taking for the character χ α the expression
We have
On the other hand, if α < 0, the Fock space F α (n) consists of antiholomorphic functions f : C n → C such that
The representation π α takes the form
Therefore the representation π λ,α acts for α > 0 on F α (n) by
and for α < 0:
3
Let χ λ,r (0 = r = (r 1 , · · · , r n ) ∈ R n + , λ ∈ Z n r ) be the unitary character χ λ,r ((e iθ , z, t)) := e iθ·λ e iRe(z·r) , e iθ ∈ T n r , z ∈ C n , t ∈ R.
The representation π λ,r = ind Gn T n r ×Hn χ λ,r acts then on the space µ−θ) ).
where
The characters.
Let for
Then the set {χ λ , λ ∈ Z} is the collection of all unitary characters of the group G n . In particular for the group G 1 we obtain the partition of G 1 into three Hausdorff subsets
4 The NCDL property for C * (G 1 ).
Some definitions
be the N 'th orthonormal vector of the canonical Hilbert basis of F α (1).
We define for
of the Fock space F α (1). We see that the mapping η → V k (η) from the space
is linear, isometric and surjective. We have that
3. We shall make an essential use of Bessel functions in the proof Theorem 4.5 (see [16] for the definition and properties of Bessel functions).
Definition 4.1. Let for n ∈ Z and z ∈ C
Then,
Write for z ∈ C, z = e iν |z|.
Then for v ∈ C, 
Convergence to π r
Lemma 4.2. For F ∈ L 1 (G 1 ) and l, j ∈ Z we have that
F ((e iθ , z, t))(e −iθ w + e −iθ z)
Furthermore, we have that:
Remark 4.3. Let (π λ k ,α k ) k be a properly converging sequence in G 1 . By Theorem 3.2 there exists a convergent subsequence (for simplicity of notations we denote it also by λ k and α k ) such that (α k ) k∈N tends to 0 and that lim k, we have that λ k > 0 (resp. λ k < 0) for k large enough.
Furthermore, we have that 4 , j ∈ Z, for some C F > 0 it follows that for k large enough, for any for
we have that
Similarly for π r (F ):
and so for k large enough and any η = |j|>
Then we have that
Proof. Suppose that α k > 0 for all k ∈ N (the case α k < 0 is similar). For k large enough it follows for any l ≥ j ∈ Z and q ≥ 0, q + l − j ≥ 0 that:
for some sequence (δ k ) k in R + with lim k→∞ δ k = 0. Replacing F by F * we see that also
. This shows together with Lemma 4.4 that
Convergence to characters.
If the sequence (λ k α k ) k tends to 0, α k > 0 (resp. α k < 0) for k ∈ N and the sequence (|λ k |) k has a bounded subsequence, then we find a subsequence such that λ k = λ ∞ (∈ Z) for all k. The limit set L of this subsequence is according to Theorem 3.2 given by
If the sequence (|λ k |) k is unbounded, the fact that the limit set of the sequence (π λ k ,λ k ) k is not empty forces lim k→∞ λ k = +∞ =:
be the direct sum of the characters χ λ , λ ≤ λ ∞ (resp. of the characters λ ≥ λ ∞ ).
Then for every a ∈ C * (G 1 ) we have that
Proof. We consider only the case α k > 0, k ∈ N. Suppose first that F 1,3 (and so also ( F * ) 1,3 ) has finite support in the first variable j and compact support in the variable z. Then we have for some m ∈ N and some compact ball
In particular we see that
and that
Hence for some constant D F > 0 , we have that
This shows that for any
Since these F 's are dense in C * (G 1 ) the theorem follows.
4.4
The C * -algebra of the group G 1 .
Definition 4.7. Let us recall that
• F (c)(r) = π r (c) ∈ B(H πr ), r ∈ Γ 1 .
• F (c)(λ) = χ λ (c) ∈ C, λ ∈ Γ 0 . 
The mapping
g ‡ 1 /G 1 −→ B(H πγ ) : γ −→ A(γ) is norm continuous on Γ 2 , Γ 1 and on Γ 0 . 3. lim γ→∞ A(γ) op = 0.
lim

For every properly converging sequence
For every properly converging sequence (π λ k ,α k ) k such that lim k→∞ λ k = λ ∞ and lim k→∞ α k = 0, lim k→∞ λ k α k = 0 and εα k > 0, k ∈ N, ε = +1 for all k or ε = −1 for all k, and that we have 5 The NCDL-property of C * (G n ).
For n ≥ 1, let G n = G 1 × · · · × G 1 , n times.
Theorem 5.1. The C * -algebra of the group G n is isomorphic to the tensor product of C * (G 1 )⊗ · · · ⊗C * (G 1 ) (n times) and C * (G n ) has the NCDL condition.
Proof. Since C * (G 1 ) is liminary, we have by Theorem 2.2, that C * (G n ) ≃ C * (G 1 ) × · · · × C * (G 1 ). It suffices to apply Theorem 2.3.
For a ∈ C * (G n ) the Fourier transform F is thus defined by F (a)(π 1 × · · · × π n ) = a(π 1 × · · · × π n ) = π 1 ⊗ · · · ⊗ π n (a) =, (π i ) 1≤i≤n ⊂ C * (G 1 ).
In particular for elementary tensors a 1 ⊗ a 2 ⊗ · · · ⊗ a n we obtain then F (a)(π 1 × · · · × π n ) = π 1 (a 1 ) ⊗ · · · ⊗ π n (a n ) ∈ B(H π1 ⊗ · · · ⊗ H πn ).
We consider now the centre Z n of the groups G n . This subgroup Z n of G n is given by Z n = {(1, 0, t 1 ) × · · · × (1, 0, t n ); t 1 , · · · , t n ∈ R}.
Let {Z 1 , , · · · , Z n } be the canonical basis of the centre z of the Lie algebra h n of the group H n . This means that The spectrum of the group G n can now be identified with the spectrum of G n /Z n 0 , which is the subset of G n consisting of the n -tuples π 1 × · · · × π n ∈ G n such that π 1 ⊗ · · · ⊗ π n ((1, 0, z 1 ) × · · · × (1, 0, z n )) = I, if n j=1 z j = 0. This means that G n ≃ G n 0 =: {((λ 1 , · · · , λ n ), (α, · · · , α)); α ∈ R * , λ j ∈ Z, j = 1, · · · , n} {π ∈ G n , π = I on Z n 0 }.
Let K = {a ∈ C * (G n ); π(a) = 0, ∀π ∈ G n which are trivial on Z n 0 }.
Theorem 5.2. The C * -algebra of the Heisenberg motion group C * (G n ) is isomorphic to C * (G n )/K and C * (G n ) satisfies the NCDL condition.
Proof. The ideal K = {a ∈ C * (G n ); π(a) = 0, ∀π ∈ G n which are trivial on Z n 0 } is the kernel in C * (G n ) of the canonical surjective homomorphism δ n : C * (G n ) −→ C * (G n ), which is defined on L 1 (G n ) by
Then the C * -algebra of the Heisenberg motion group C * (G n ) is isomorphic to C * (G n )/K. Let ρ n be the restriction map
for any uniformly bounded operator field φ defined on G n . Then the C * -algebra of the group G n can be identified with the sub-algebra ρ n (F (C * (G n ))) of the algebra l ∞ ( G n 0 ). In particular, if we have a properly convergent sequence γ = (γ k ) k in G n , then we can write
where γ j = (π j k ) k is a properly convergent sequence in G 1 with limit set L j , j = 1, · · · , n. Let σ γ j ,k , k ∈ N, be the corresponding norm control. Then,
